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BY WALTER RITZ

INTRODUCTION

Electric and electrodynamic phenomena have acquired in the course
of these last years more and more importance. They include Optics, the
laws of radiation and the innumerable molecular phenomena associated
with the presence of charged centers, ions and electrons. Filnally, with
the notion of electromagnetic mass, Mechanics itself seems obliged to
become a chapter of General Electrodynamics. In the form given to it by
H. A. Lorentz, Maxwell's theory would thus become the turning point to-
wards a new conceptlon of nature, where the laws of electrodyamics, con-
sidered as primary, would contain the laws of motion as spealal.cases,
and would play the fundamental role in the physical theories which, un- 7
til now, have belonged to_Mechanlcs.

Under these circumstances, it 1s plainly desirable to have a rig-
orous criticlism of the foundations of this theory, to give it the degree
of clarity and precision that Mechanics itself reached only recently
after much cohtroversy. It 18 in order to ask: which hypotheses_are:
essentlal and can be deduced from observation, which others are loglo-
ally useless or can be discarded without experience ceasing to be ade-
quately represented, and finally, which are those which can be, and
should be, rejected; a question which is asked principally in regard to
absolute motion, 318

/
1Translated (1980) from "Recherches Critiques Sur L'Electrodynamique

Générale", Ann. de Chim. et de Phys., 8¢ serie, t. XIII (Pevrier 1508)
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In the first part of his "Lessons on Electricity and thics"l.

Poincard devoted some classic péges to the criticism of the more or
iess distinctive theories of Maxwell himself and of Hertz;
therefore I will concern myself only with the form that the theory
took in the hands of Lorentz, a form that presents well known ad-
vantages. Some of his results can easily be extended to. the other
theorles, Here again, I only have to recall ,or to complete,the
ldeas put forward by Poincaré and mofe‘importantly by Lorentz who
was well aware of the different aspects under which his theory
could be interpreted,

In general, I set aside the phenomena of molecular order, depen-
dent on the corpuscular theory of electricity: this fruitful con-
cept is evidently independent, in large part, of ideas that we can
develop about the mode of action of electric charges on one another
via the ether medium, which are more specifically the object of

electrodynamioc equations.

The re§u1t of these researches has not been favorable to the
exiStfi?j&iZorles. The discussions about the difficulties that
they raise show that the difficulties have a common orlglﬁ inti-
mately 1linked to the concept of ether which is the basisg-of-all
these theorles, We will see specifically that:

ls From a strictly logical point of viey, the electric and
magnetlc forces, which, in appearance, play in the theor§%£ role
80 fundamental; are notions which we can eliminate entirelys. they
only contain in reality the relations of space and time: we thus

return to the ola elementary actions, with this sole difference

that they are no longer instantaneous,

1H. POINCARE, Electricite et Optique: La lumlere et lasgs theories

electrodynamiques., 2 eme ed, Pgris 1901 EYN  Mar etz [ire 42

318
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Ci}
2,. The theory permits an infinite number of solutions, each sat-

i1sfying all the conditions, but incompatible with experience and even

leading for example to perpetual motion. To remove these solutions we

must admit by hypothesis formulae for retarded potentials. These form-

-

ulae introduce irreversibility 1n;e1ectrodynamics whereas the general

319

equations permit reversibility. I show that, contrary to accepted
T4t {prymutet Sor it arded p;‘\(w‘\lels
ideas, that theyﬂcan't be deduced from a proper speclallzation of the

1n1t1a1_state:/ They constitute a new hypothesls, making useless the
partial differential” equations. To claz}fy this hypothesis, it is \
necessary to distingulish the elementary actlons; it 1s to renounce
Maxwell's fundamental idea of rejecting them,

3. The notion of locslization of energy in the ether is vague and
allows many simple solutions.

-~

L, The 1mpossib111ty:;?escribed by Maxwell, to reduce gravitation 319
to the same notions. That the negative energy involved would corre-
spond to an ﬁnstable system, shows that these 1deas do not have general
applicabllity to the forces of nature,

5. Action and reaction are not equal, and this inequality, in the
manner in which it is deduced from the introduction of absolute velo-
clties, is contrary to experlence,

6. Kaufmann's experiments on the electric and magnetic deviability
of beta rays of radium don't prove that the mass of electrons 1s en-
tirely of electromagnetic origin, and dependent on their absolute
velocity, because on the first hand, nothing obliges us to believe,
as in Lorentz's theory, that the forces are linear functions of velo-

city, (this may be true at small velocities), and that, on the other

hand, one of Trouton and Noble's'experiments shows that the expres-

slon of electromagnetic momentum

M Maxuell- Lorewty
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as a function of velocity from which Abraham has deduced the one of
electromagnetic mass is certainly inexact,

7. The.theory of Maxwell and of Lorentz starts from a system of ab-
solute coordinates, that is to say, independent of all motions of matter,
In order to be in agreement with experimental results, which have always,
in Optics and Electrodynamics, as well as in Mechanics, confirmed the
principle of relative motions, we are obliged, then, to eliminate this
absolute system by hypotheses of little credibility, thus eliminating
the notion of solid bodies, and the concept of the invariability of pon-
derable masses, It will be necessary also, to change the principles of
Kinematics, to consider the rule of the velocity parallelogram just as
a first approximation, valid at small speeds, and to make time and
slmultaniety completely relative notions. )20

It would be regrettable, for\the economy of our thinking if we had 320
to 1live with all the complications listed above., I think, that instead
of Kinematics, it will be the ether hypothesis, and with it, the repre-
sentation of phenomena by partial differential equations, that must be
abandoned. The necessity to explain why bodles do not meet any resis-
tance from the ether as they pass through it, and the fact that they do
not modify its state, and many other consideratlions, have created a

g8imple physical space out of Fresnel's mechanical ether, perfectly pene-

trable by matter, a system of absolute coordinates. The ether is now

only a mathematical abstraction and its elimination would only be the
final phase of a long evolution.

This conclusion, as I set it forth, 18 not at all involved with a %
return to actions at a distance. Nevertheless, it indeed collides head- J
on with many currentiy accepted ideas, and I am the first to admit that
a hypothesis which has rendered such great services to Science can't

be condemmed for the
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sole reason that 1t presently raises some seemingly inextricable dif-
Ticulties., We should always hope for future solutions of these diffi-
culties, or accept the idea tﬁat they arelinherently a part of things,

and independent of our models. This 1s, fortunately, not the case.,

This 18 what I have sought to demonstrate in the Second Part of this

work, but the theory which I will present does not pretend to be a
satisfactory and definite solution to a problem so difficult. 1Its pri-
mary purpose is to show how large 1s the unknown part which, in spite

of recent advances, still exists in this domain, and in what measure,
[ité] much smaller than we would be tempted to believe. Experimental
evidence may be considered as confirmation of Maxwell and Lorentz's
theory, even when we adopt, as I will do, the remarkable ideas of this
latter savant on the atomic constitution of electricity, the nature

of conduction current and of dielectrics, in a nutshell, the theory of 320
electrons., These researches will show that it is not necessary to in-
troduce absolute motion and thus to upset Kinematies and the notion of
timé; relative velocities alone will suffice. There will be no use of
notlions subject to criticism such as polarization, the electric vector,
the magnetie force, etc., -but only the notions of time, space, and - Iz
electric charges, these latter only playing, like the -masses-in Mechan-
les, the role of coefficlentsyconveniently chosen and invariable for a
g8lven 1lon or electron. 1In a certain sense it is sa mechanical theory of
electricity. But I have not belelved it advisable to bring in the more
or less complicated latent mechanisms which play such an important role
in Maxwell's theory. Those hypotheses are unnecessary, and, one must !

say, barely satisfactory. It suffices, indeed, to recall that ponder-
able bodies
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must pass through these complicated mechanisms without dis-
turbing them and without feeling sensible action, even when their speed
reaches that of celestial bodies, Impenetrability, in particular,
doesn't exist in the mechanical [éthef] theorles, and this..is the one
point which isn't always sufficiently placed in evidence. Experience
has shown that
Aactions are not instantaneous; also it hasn't revealed any trace of a
medium which could exist in materially empty space. I therefore felt
I could restrict myself to give to the law of propagation of these
actions, a very simple kinematic interpretation borrowed‘fgfm the
emanative theory of light and satisfying the principle of relativity
of motion. Fictitious particles are constantly emitted in all directions
by electric charges; they keep on moving indefinitely in straight lines
with constant speed; even through material bodies. The action under-
gone by a charge depends uniquely on the disposition, velocity, etc.,
of these particles in its immediate surroundings. The particles are 321
therefore: eimply a concrete representation §f kinematic and geometrieo:
data. These hypotheses are sufficient for ihe purely critical 6bJect1;e
that I suggest to reach here. They permit study in detail of the law-
of elementary actions between electrons in motion and show in partic-
ular,that this law, almost entirely unknown for great speeds, requires,
even at small speeds, an indeterminant parameter K, which is not with-
out analogy with the one that Helmholtz has introduced in his theory.

I need to specify the temporary scope of these hypotheses., Indeed,
when the particles (or, if we like, the actions or energies) emitted
by an electrified body reach another electric charge and modify its

motion, the principle of action and reaction demands that they undergo?22

on their part, a deviation, or a change, and it 1s very remarkable that

1
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Fizeau's experiment on the entrailnment of waves, like certain other

-facts of Optics, is not compatible with the hypothesis adt#tteﬁabnre,.
and demands such a reaction., It's the opposite that happens in the
ether hypothesis, as Poincaré so presented it. Hertz's theory,
which satisfies the principle of action and reaction, 1s incompat-
ible with Fizeau's experiment; Lorentz's theory, which doesn't
satisfy 1it, explains the experiment perfectly. But
Poincar€ has shown that in giving a . momentum to the radiant

energy, everything falls into ﬁlace; therefore - this hypothesis is
natural-if this  energy is projected instead of belng propagated,

It is precisely this that permlts.safeguarding this principle in

the new model that I propose. We can even foresee the possibility

of obtalning, by these principles, the electrodynamic terms that 322
depend on velocity and acceleration, using only the consideration

of propagation, a problem that Gauss posed in his well know letter

to W, Weber, and that Maxwell's theory didn't solve because it in-
troduces to these terms a special quantity, the vector potential‘

I will return to these questions later. The remarks which bre-
cede are sufficient to explain why I didn't address optics in this
criticism,

In many respects, the new theory will therefore bring the reader
back to some older classical ideas, which seemed destined to be forgotten,
The interpretation of certaln experiments will necessarily be mod-
ified. In particular, perhaps part of or the whole of mass will be
electromagnetic in origin, but it will be constant and won't depend
on an absolute'veloclty. It is the forces, and not the mass, that
change. Kaufmann's experiments also permit this new viwpoint,

The new formulae are applicable to gravitation;



152 W. RITZ

they permit abolishment of, at least in great part, the most appafent
divergence which exists at this time between calculation and experi-
ment regarding the perihelon motion of Mercury.

The theory of electrons has constituted a first partial return from

Maxwell's 1deas to others much older, and for those who consider as

indispensable a new evolution in the same sense, Lorentz's hypothesés. 323
which have been so frultful, will maintain their importance, and the
mathematical form that he gave them will continue in many cases to

be the most elegant and the most practical.

FIRST PART

§ 1.- Recall of Lorentz's Theoryt 323

We know that Maxwell did not work on hybotheses on the nature of
electric current., Lorentz claims that all rqphdﬁctlon current
results from motion of electric particles, which are subjected to a
kind of friction in conductors and to elastic forces 1n dlelectrics.
Many experiments have, in the last years, confirmed this hypothesis,
This concept has permitted Lorentz to consider only the dielectric
ether in his fundamental equations. Renouncing a purely mechanical
explanation and the impenetrability of matter, Lorentz considers

the ether as immobile and even present in the interior

1 H.A. LORENTZ, Archives neerl., t. XXV, 1892; Versuch einer Theorie

der elektrischen und optischen Erscheninungen in bewegten Korpern,
Leiden, 1895; Elektronentheorie: Enzyklopadie der math, Wissenschaften,
Bd. V, Heft 1, Leipzig, 1904--POINCARE, Electricité et Optique,

Chap, III, p. 422.
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of lons and electrons. The lons and electrons modify 1t physically, and
this modification, which is difficult to picture in a concrete fashion,
is characterized by two vectorss the electrlc or dielectric dléplace-

ment veotor E, whose components are Ex’ Ey. Ez, and the magnetic vector

H (Hx' H_, Hz). The electric charges are fixed to the ions which are

y
considered undeformable, Where the electric density, "p" is measured
in electrostatic units, at x,¥,2, at time t, the syst_em of coordinates
being connected to the stable ether, and ¥ the velocity of the electric

substance in (x,y.,Z,t) and o the speed of light; we have, for these

constraints, the system of equations

’PBQ YEx n )ﬁ
™ —”A‘SB% I ol e .
s _3Me _ 1 9F gy p V 1 BE 4mp Y
(1) <?§ <x c at" y dp X, corl B Cgt+ =
. P
My 3k - L 2 yamplZ, 3
\3x 37 C ot < N
36 _ 3R o ) ok 3%
3 3= . ¢ Tlt ) ‘ »\ n.l _
Yex __ 3E - -1 &Y wrl E = = &
() “5% éS'xg =Tc ! o C 2t |
OF __ 1 ob
%‘}‘{S‘ = -2 e i
3k | 3E Cz - BWE = 4Tp
1I ° = v 2 =
(111) 97\4__3—:[{'%'3'2‘ 4mp L:ﬂ_..___.,,./t
«)H 3 Ny ) H-z— _ dJwv § =0
t A; 'S T - 5% 0 ,

e e

% R ERae e -0, (3 e =]

The field therefore created in the ether by other charges present,

exerts on the element of charge Pd’t’ the mechanical force represented

in magnitude and -direction blx the
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vector de?’. where

FK = EX + —lc'(VyHi.—Vg H7>J
(V1) Fy = Ey +—C'—(V1Hx- Vx“a)?
FZ = Ez “'-é—(VxHy "\/YHX)'

In this theory, there is no magnetism[Il: the magnetization comes

c

‘F‘- £+ LvxH)

from currents of particles, according to Ampére.
By means of certain hypotheses, to which we will return, this-
system of equations integrates itself by the introduction of retarded

potentials. We show, as a matter of fact, that all solutions of the

system (I) to (V), where we assume the data Ps Vx, VY) Vz can be

expressed 1n the form

5’ Az (components of the

vector potential) being continuous with their first derivatives in all

space, from zero to infinity, and satisfying the equations

190 _AG _
(1x) o S AQ = 4mp,
LA _pA, = 4TP%
Cl ;tz X C ,
(x YAy = 4Ty
) c: AAy < ?
(1]

_ b _ 1A
~ Ex = —‘a% —c—;)'i}s9 A
- 2A - -1
(VII) By = é%— - 5% E = - dw § CT\ 324
Ez-‘- o s o 9
_ o aAy
Hx— a\/ >z 9
(VIII) Hy = 3Ax _ 2A; o t—j: corl A \
oz AR ,
sz g_i_A_‘/ _.be ]
X Y
the functions ¢>(sca1ar potential) and Ay A 325

Magnetic "poles" as distinct independent entities are not consldered.
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and
o) e 13 = -l3 A =5 98

Lorents satisfies these conditions by .setting

oy { e = JIT e,

rt= (x=x)* ¢ (Y—Y)"+ (z-27),

Av=d [l

(xm) Ay = L[] l:—_‘);!l T 4
Ay = ...

These expressions have the form of newtonian potentials, with the

¥

difference that instead of taking the value of P at point x'y'z' at time t,

we have to take it at the previous time t'=t-r/c, the time r/c being neces-

sary because of the propagation; this is what we will point out along with

325
Lorentz by the notation
! . | r)
[P] = P(xssza '&"E:‘ ’
M7 1l ol Iyt g?
The field is therefore completely determined, and in introducing the
wlo Cnence (]
expressions (XII) and (XIII) in the Tormulae (VII), (VIII) and (VI), we 326
A

obtain for F

(av) szfffgt’ _LE_VJ_,LA L’P’Vx’z

3 Vel . Vo ) [PY:T
P2 LI e L

— ¥ 3 LAV P Ve ) [P¢J}
r ?

X r Cl BY Y‘ CL

and similar expressions for Fy’Fz‘ In introducing
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the total derivative
ﬁg:%+vx7§7+l/v—£ } Vad

) b)
and setting 7 éz

(xV) L_(Y,Y,Z t Vi, Vy, Vz.)

_ffffp‘ {1 _ve[w]y vvagl.] +szVz]}Jt'

Schwarzschild has found for F the remarkable form

(XVI) Fx = *%l—)_(dy jt 3&, N=1oio

This is the form of Lagrange's equations. The expressions (XIV)

and (XVI) give the force undergone by an electric point of unit

charge, expressedbby means of elementary actions analogous to the ones

we considered in the o0ld Electrodynamics, without the notion of non
instantaneous transmission, that we find again in Gauss and C. Neumann,
A charge e', sensibly point-like, exercises, under very general condl-

tions, on another similar charge e, a force 326

( ‘g;‘*éiiﬁ)

(XVII)
7o 2 Lo b o 0 g0 60t " 327
where £ L wlw'] + V\IEVyJ + Vz[Vz’:l}
l"{L [:VrJ c
r* = [x(é) ~x’(f*—} ):7'(")“‘/ (t_g]
-+[1&)“2“£‘ ]z
1l

Gottinger Nachr., Math.-Phys. Klasse, 1903, p. 126,
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This expression reduces itself, to a first approximation, to the law

of distance squared. We can therefore name it the generalized Newton's

law. This explicit expression will be given later on.

In these formulae, the notion of field doesn't come into play. It
is very remarkable that Clausius, like Weber, in seekling to account for
the electrodynamic actions, by means of actions at a distance, depending
on posltions, velocitlies and accelerations of the electric points, has
derived the same formulae (XV) and (XVI), with the only difference that
the actions are instantaneous, so that we have to teke the values of P'
and V' at time ¢, and not at time f-—.go

This very remsrkable result, due to Schwarzschild, shows that
Lorentz's theory is very close to the o0ld theories.

The first form that Lorentz gave to his theory was less abstract, 327
1n the sense that, following the path that Maxwell 1laid out, he started
{?om Lagrange's equations, introducing two kinds of Qariables, the first
ones determining the positions of the electrified particles, the others
the state of the ether. We attribute to this latter one Jthe ethei]
kinetic eneigy. without determining its internal motions. It suffices
that they exist. Hamilton's principle permits, likewise, restricting
the variations under certain conditions, to obtain the fundamental

~—

equations (I) to (VI) by considering the electrical energy
I 7 2 2
ﬁf(E, FES+ EL AT
as potential energy, and the magnetic energy

g.;ﬁ_f(u}m}wi)afc



158 W. RITZ

as kinetic energyl. This deduction is falirly complicated and can be
done in various formsz.
These two aspects of Lorentz's theory are clearly distinctive.,
The second one is similar to Larmor's theory3. which, in leading to the
same formulae, offers preclse hypotheses on the motions of ether in an
electromagnetic field, as borrowed from Lord Kelvin's conceptlions on
gyrostatic ether. Ether is incompressible and moves itself in the di-
rection of magnetic force lines.
We know that Maxwell and Hertz explain the mechanlical forces that
a substance experiences in an electromagnetlic field by the pressure
that ether is supposed to exert on the substance, and conversely: the
action of one is equal and opposed to the reaction of the other at all
points, These pressures, as Helmholtz has shownu. tend to set the 328
ether (supposedly incompressible) into motion; they are, by unit volume,
proportional to the time derivative of Poynting's radiant vector S:
7 gx :ATINE(EYH'L.“E'LH\/>) -
(XVIII) Sy = ZE:FZ(Esz - Ex Hz> » 5= ‘TFI'T—C EXH
| S2 = zre (Ex By = Ey Ha) *

Lorentz considers ether as immoblle; he is therefore led to abandon

Maxwell's theory of pressures

1 LORENTZ, Proc. Amsterdam Acad., 1903, p. 608; Elektronen-theorie,
p. 165 and 170.
2 LARMOR, Aether and Matter, Cambridge, 1903, chap. IV. - SCHWABZSCHILD,
Gottinger Nachr., 1903, p. 125.

3 LARMOR, Proc. Roy. Soc., t. LIV, 1893, p. 438; Aether and Matter.

b Gesammelte Abhandlungen, t. III, p., 526,
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and, by that, the equality of action and reaction, the non-com-

pensated force being characterized by the vector %% .1

Lets observe, in concluding this brief exposition, that if we
admit unknown motions in ether, the solution of the equations 1is
determinable only for quantities close to the order of the speed of

ether divided by that of light.

§ 24 -=- CRITICSM Of NOTIONS OF ELECTRIC AND MAGNETIC
FIELDS

We know that the introduction of the notion of force into mech-
anics was the subject of much criticism. This notion calls for
muscular sense, whereas the 1deas of space and time are primarily
of tactile and visual origin: and the irreducible psychologilcal
duality introduced at the very base of this fundamental science
leaves a certain discomfort in the mind, Justifiably so, for it
seems very obvious that the notion eliminates 1tself in each par-
ticular case, Whether we measure the forces by masses and accel-

erations, or by elastic deformations, whether we oppose their

effects with those of gravity, etc., what we really observe and
measure 18 always a displacement, or the absense of a dlspléée-
ment; again, in this latter case, we only end up defining the
difference of two forces. In the equations of mechanics, as
applied to any particular example, there remain only the relations
of space and time, with certain coefficlents properly chosen and

invariable which are the masses or other physical constants, With

P
1POINCARE. Electricite et Optique, p. 448,

329
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ood
regard to pure logic, it is therefore withAFeason that many scholavs  have ‘
rejected the introduction of the no;tw of force in the fundamental |
vens
expressions ashpseless. ,
Modern Electrodynamics is entirely based on the- haﬁ@h> of electric

and magnetic forces. If this was absolutely necessary it would be regrettable.

But it isn't so: these hc‘ﬁﬁnﬁ‘eliminate themselves in the equations, they

are logically useless; the theory only expresses(ig_the last analysis, the
existence of certain relations of time and space, as it is in the case of

Mechanics. It will therefore be preferable to express these relations dir--

ectly: we thus come back to the classical elementary actions.

whe
In fact, what are the exact definitions ofjpvectors  for E and H Relds?

I say that these vectors are defined by the theory itself. Thus, without

knowing the significance of these symbols, we can at once, by means of certain

hypotheses that we will examine in the next Section, integrate the fund- 330

amental equations by the method of retarded potentials, and we will be lead
to expressions (XIV) or (XVI);”The equations of motion for a material point

of charge e, of mass m and of coordinates Xy ¥y 2, will be

——— c—

d*x, _ :
(1) " dt{) = eE(X,,YI,Z,, l&u Vy,, V“"-’ t)J

dz
mFY{.:,,....

If we desire to take into account the action of the electron on itself,

1
or of liaison,aAlembert's principle has to be applied, and we have, in
4he wihdle
extending the integration over of the electron, and designating by

SX‘J g‘[lJ 52, virtual displacements compatible with the liaisons, by }/,J ﬁ
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the densities of the substance and electricity,

2 J{rn s a0 T sx
o LY AT 4 Duds _ AR]S2)

After héving replaced Fx’ « o With ﬁhe value (XIV) or (XVI)
(the terms relative solely)to the electron will play a special role),
we will have, in (1) and (2), only relations of space and time, even
when/p = 0, that is to say when the mass is entirely of electromag-
netic origin,

Now, I say that Lorentz's equations don't effectively express
anything more than (1) and (2). That is to say,that the field never -

plays a role in pure ether. In fact, we can only determine the field's

magnitude and direction by placing a2 body and observing the mechanicall
forces that it feels or rather its motions and those of the ions in

its near vicinity, motions which are indicated by luminous, thermai, 330
chemical, ett, phenomena. Therefore, we only know F, and, that, only

in points of x.,y.,z,, where there is electrified matter, and we
< LT X

deduce E and H by reasoning (which is not always so simple when we

have to consider absolute motion)., This is to say that it will suffice,
Ih all cases, to know the formula that gives F as the result of ele- —§§I—
mentary actions exerted by an element of charge on another e;ement of

chargg, and that this second representation 1s, with regard to the

facts, exactly equivalent to the first one, which 15 “based om the TTeld
and its partial differential equations which only play a purely

mathematical role. We can, if we please, dispense

Translated (1980) from Ann. de Chim, et Phys., 8% serie, t., XIII
(Fevrier 1908)
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completely with the notlions of electric and magnetic flelds.

It is important to specify the sense of ghis affirmation. In the
theory of light, for example, everything thus presented with regard to
Lorentz's theory can be derived from elementary actions btetween ions in
the luminous source, the ones in the dielectrics or conductors which
constitute the optical apparatus, end finally the ones in the retina or
sensitive plate which receives the impression. Thus, we are accustomed,
for example, to describe the phenomena of diffraction, that we observe
in the case of a slit used with a screen, by considering with Fresnel
that the points of ether situated in the slit as so many centers of
disturbance, This does not conform to the formula for retarded poten-
tials: electric charges are fhe only points of origin for waves, Lor-
entz's theory, or the law of elementary actions, will explain them as
the combined action of lons in the source and in the screen; besides, 331
it 1s easy to show, using Huygens' principle in the form that Kirchoff
has given it, the equivalence of the two procedures from the viewpoint
of results, | ‘ /

It wouldn't be permissible any more to say that the fleld is a

purely mathematical intermediate with which we can dispense, if it were

possible to percelve its existence in a point of ether without placing

any matter at the point. This could happen, for example, if ether were,

under the influence of a field, susceptable to modification or to move
more or less as Hertz's theory wants it to, and as Lord Kelvin demandsl.
Interference experiments could have placed thls speed into evidence.,

These i1deas were generally very widespread;

1 LOBRD KELVIN, Baltimore Lectures on molecular dynamics and the weve
theory of light, London, 1904, p. 159: "It is absolutely certain that
there 1s a-definite dynamical theory for waves of light, to be enriched,
not abolished, by electromagnetic theory."
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but we know that the experiment, examined carefully repeatedly,l gave
only negative results, as do all the experiments designed to prove the
existence of ether. The hypothesis of the motions, on the other hand,
has not lent itself to any plausible mechanical explanation of elec-
trical actions in their effects. Lorentz was therefore lead to exclude
it in the most recent expo%@ions of his theory; and this is what leads
to the affirmation that we can eliminate the notions of force and field
in this theory without affecting any actual or possible fact of experi-
ence according to 1it,

Lorentz had already 1nd1cated2 this point of view; "We therefore
see, in the new way\I'm going to present it, Maxwell's theory draws
nearer to the older 1deas. We can even, after we have established the
simple formulae that describe the motions of particles, leave out the
reasoning that spawned them and consider looking at these formulae as
expressing a fundamental law comparable with those of Weber and Clau-
sius." The actions, however, are not instantaneous anymore; and we
have seen, that except for this important restriction, there is even
an ldentity with Clausius' law,

We can easlly see that the notion of field introduces that of
absolute motion, as soon as the velocities come into play, either in
the fileld expressions or in that for its action on bodles. It isn't

likely anymore that it depends only on coordinates and accelerations,

§ ~ 3. Irreversibility and Retarded Potentials
Now I intend to examine more closely the hypothesis which relates

differential equations

1 See in particular O. LODGE, Phil. Trans., t. CLXXXIV, 1893;
HENDERSON and HENRY, Phil, Mag., 5€¢ serie, t. XLIV, 1897, p. 20,

2 Arch. neerl., t. XXV, 1892, p. 433.

332
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(IX) and (X) to #ire- retarded potentials formulae (XII) and ]

(XI11) ‘and to show that the transformation of the latter

ones to the first ones is immediate, but that the inverse
proposition is far from being true,

First we have to recognize the fundamental importance of

the formulae. In contrast to mechanical phenomena, electro- —_—
magnetic phenomensa are)in generalyirreversible because of rad-

iation; we can, by this motijg, even hope to get by their means

a more complete interpretation of irreversible physical phenom-

ena. But Lorentz's equatlions don't change when we change the

direction of time; they contain the affirmation of reversi-

bllity, whereas for retarded potentials and elementary actions,

the positive and negative directions of time play entirely

different roles, We insert, as in Hgbholtz's irreversible cycles, 333
a speed which is hypothetically impossible to change the sense: ﬁ

the spesd with which waves constantly move away from the bodies

that generated them, It is from this, that electromagnetic irre-
versibllity is derived. This additional hypothesis which preceeds

must therefore be examined with care,

With f(x,y,z,t) a continuous function, proportional to the

electric density p(x,y,z,t) and qa another function having the ‘
- J
property of continulty of potential in all space and at infinity

and satisfyin&,evefwhere, the equation {

[ b " = 41r{

L) - ¢J_~ =1

( ) ‘ ) .azz Z\q9

it 1s easy to verify that the integral

0 @ (x92¢) = ;ﬁt’f(x,'v;z,’a'-g)
[r2=(x-x)" + (y-y)*+ (z -e')z_]
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1s a solution of (3). 1In fact, lets isolate a small volume ’l’o
around point xyz; we'll be able to differentiate the integral
under the summation sign relative to the rest of space for which
Xyz 1s an external point; in applying the operation 1 prd —A’
2
we find zero. 1Inside T, the d operation is performed again,
;tl—
under the summation sign, and gives a result closing to zero

with To e« To do the A operation lets put r, being very small,

into T, ,
! -F (X’ ! Z,' t} 'Fl
dv (¥ y, 2, t-£) _ [ ALLL _1(3—) .
y, ¢ +3dr
To — 33E
The -A operation applied to the first term gives 4’7('/’(sz,£)
according to. Poisson's theorem. In the second term the denomi-
nator r is missing. The result closes to zero with Tos we
therefore obtain equation (3)., I don't insist on the condition
of continuity lightly, in that we have to insure that there are 334

derivatives of f,

We demonstrate that
! ! ¥ r
P - jat £xive ¢ +?)
r-

@, - fdt [£leivz/e-c) + #(xu,f,«r)]

and’more generally, .
by=[ 4 [ lov'a e2) + Rl t+5)]

are again solutions of (3), provided that the arbitrary functions

F1 and F2 satisfy the relation

Fi(xvzt) + R(xyet) = £(xyz1),
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The solution(pi corresponds to waves which move away in
all directions from the electric charges that generated them,
(ﬁl 1s for waves coming from infinity converging on these same
points. 1In contrast to q& » which depends only on previous
states, dh,depends on subsequent states. The solution (pg
contains both kinds of waves. And finally, d% corresponds to
waves whose centers of disturbance may be located in pure
ether, where f = 0. Experience shows, and Lorentz admits, that
only d& waves can exlst, and besides, we will see that contrary
hypotheses would involve inadmissible consequences, such as

the possibllity of pervetual motion. We conclude, to begin

with, that Lorentz's equations (and the result extends to thbse of

Maxwell and Hertz) accept an infinite number of solutions,

334
satisfying all conditions, but incompatible with experience,
'We readily find such solutions, and-are lead to set them
aslde a priori, each time we calculate, for example, the —_—

electrical oscillations of a system (a conducting sphere,

Hertz's excitor, an osclllating electron, etc.).

Lets discuss the hypothesis by which we believe we can
eliminate these solutions., We show that we have for all so-~

lutions of (3) inside a closed surface S

5) 4 (xyzt) o , o
= [Ld gt fas{const - 3] - 5ae]d

where we have set, as before,

(] = 70()")\’,'2; t-I),

Suppose that at any instant t = 0 situated
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In the past we had everywhere, or at least at great distances,

¢= 0"%? = 0; we could, for all positive values of t and at all
points xyz, choose for S a sghere of center xyz and radius R>ct
big enough so that all terms of the surface integral be zero, for-
mula (4) will remain. This reasoning calls for the following

remarkss:

19 The terms for uniform translational or rotational motion.

which enter into the electromagnetic theory never satisfy the

relative conditions at t = 03 this theory therefore remains excluded. \
More generally, the authors who have used this reasoning, once the
formula was set up, didn't bother to verify, in the equations they

dealt with, if this condition is fulfilled. It ,isn't in most

casess Now we have seen that the formula must be absolutely generals,

2° 1If for L = 0 there is only a very weak field at great distances,
this field, if it is for a convergent wave, could acquire, a few 33>
moments later, a great intensity at a given point in spaceg it is
not sufficient therefore to suppose a weak field for the moment |
t = 0 for all space (or at least at great distances); it has to be
rigorously zero (which is aa hypothesis of admissible character in l
physics) or that had been previously excluded in the convergent
waves, which would be a petition of- principle. In the case of
sound (and this analogy can mislead easily) friction destroys the 336
wave entirely after a few moments, and the reasoning is practically
the same; it 1s not the same though for ether, and we should expect,
a priori, to find a similar state of affairs to the one we observe

at seaside, where in addition to the divergent waves produced by

solid bodies of the shore, there are others



168 W. RITZ
which constantly come in from the sea and are not produced by solid
bodies, So if formula (4) is not rigorous, we would have to expect at
each moment the sudden creation of aQ intense field, a kind of electro-
magnetic wave coming from infinity or which diverges from a region of
ether through which it just converged.

3° Only solar and stellar radiation, which has been creating an
oscillating electromagnetic field throughout the universe dally for an
extremely' long time, could oblige moving the instant X = 0 back beyond
all 1limits of cognizance. A hypothesis so fundamental must not pre-
sent this inadmissible character.

4° Lets examine what must have happened before the moment t = 0.

We wlll find, in changing ¢ into -¢, the analogous formula
[ 9 2,t)
, £ 0 ¢
< = ( L a7 +[d§ (g‘)*

L . ' L(T‘): r()(I)\/J,ZI)ﬁ-{'-CE>I

i
~—

I i

JTIH

N
S
-
1%

ISR

j(l—J
Q-
~+

v
~
>

or

The same reasoning will give
=[]
r
that is to say that before the instant X = 0 the waves were convergent,
the bodies became excited by the radiation and thus produced perpetual
motion, .

It is useless to dwell any longer. The hypothesis that we start

from rest (or the unimportant modifications that were presented) is not

admissible as a basis for the general law for retarded potentials., It

1sn't even for the particular cases. Lets consider an Hertzian oscil-
lator: at instant t = 0 a spark Jumps, the magnetic field, at first nil

everywhere, i1s disturbed;

336



RESEARCHES ON GENERAL ELECTRODYNAMICS 169

but, after a short time, the system is back at rest., It is not

exactly at rest, any more than it was before the experiment, It is 337

in that state only sensibly. If we begin our reasoning during the
first state of rest, there would only be conver@ing " waveso, Why do
we choose the first state of rest but have no Inclination for doing
a new experiment wherein the second state of rest plays the same role
as the first? It is because the elements away from the immediate
area, which are inaccessible to the experiment, play a preponderant
rocle in the hypothesis. If they were to send us convergent waves,

[

our approximate reasoning, based on the close-in elements, would

soon cease to give an approximatior, even a coarse one.
Fortunately, we know, . apriori, by means of a lengthy experiment,

that the distant waves diverge., This is what allows us to 1gnore

) i them and also renders the demonstration unnecessary., If ether had vis-

337

cosity, similar to that of alr, very different considerations would
ensue and there wouldn't be any reason to be surprised by irreversi-.
bility, since we would have introduced it in the equations themselves,

More generally, any theory which meakes more'specialized hypotheseés
'3‘about the initial state, than the law of potentials requires, willvnof
ébe admissible. It would exclude some actual phenomena and would allow,
for t<0, impossible solutions. Therefore, what are the inttial con-
{#ditions, necessary and sufficient, for (4) to hold? . -

Lets postulate
_>¢1 4 4}

We will have

(7) ng AHV O

in all space; q) O 1nfin1tyo For Q)to be constantly uil, it neces-

sary and sufficient that for t=0 we have
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Y = O.S,g = 0 in all spaces This says that for formula (4) to be

-

applicable over all time, it is necessary.and,sufficient that it hold

for two instants,. t = 0, and t = dt infinitely ¢lose » & statement

about which there is evidently nothing to be drawn from Maxwell's
viewpoint. pimt of view.

Can we replace the initial state hypothesis by some other equi-
valent general condition? —333—

Lorentz1 doesn't make use of the hypothesis. He simply admits
that the surface integral in (5) is nil when S moves away indefinitely,
After having written (4), he continues "This solution is not therefore
the general integral of (3); there will also be, for exémple, solutions
corresponding to a movement of waves which would be dirécted towards
the element of volume instead of moving away from 1t. We will reject
them from the theory by admitting once and for all,that charged ele-
ments are the only points of origin for disturbances. We exclude also338
the states of ether which are completely independent of the charged
substance: which 1f1non—ex1stent, the ether would remain continually
at rest." i

But lets apply, these ideas, without change, to formul; (6).
As the surface integral vanishes we would get coanrgent waves, But
neither method of proceedling is admissible. These surface integrals,

considered as functions of X,¥,2,t, are general solutions of (6).

They would not therefore approach zero, for a given value of XyYeZ,t,
when the surface moves away indefinitely: they have an invariable

value, finite or nil, according to whether the chosen

1Elektronetheorie, p 158; see also WIECHERT, Arch. neerl., 1900, p 549,

and P. HERTZ, Untersuchungen uber unstetige Bervegunen eins Elektrons

Inaug. Diss,, Gottingen, 1904, p5 and 12, and note. 1In his first thesis

of 1892, Lorentz contented himself with verifying that satisfactory
equations exist,
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solution is finite or nil. There is nothing to draw from such

ldentities. Finally, there is no precise sense to attach to this
proposition: the disturbances that are dependent on ether are tge
only ones to be excluded. If we could use, g priori, formula 4&

or q%, which depend only on the material, we could write

®'¢r+5 Ggﬁ"A@

and we would stilil have the right to say that @ is independent of
the material, since its differential equation and its conditions of
continuity are also independent., In this manner of examination,
it is(D‘which would contain a term that is 1ndependent of the mat-
erial. Finally,will we say that the state ét a given point is
determined by the "previous history" of the material only? de%wns
o ther than (3) are still possible.

ln&lﬂoerJ

The 4radegquacy of these statements, and others analogous, 1is

that they hold that, the decomposition of a field of waves is a

mathematical operation which can be done in an infinite number of

ways. But the character of this operation is doubly artificial
from the viewpoint of Maxwell's ideas, because consideration of the
origin of the waves demands consideration of the entire field
during a finite interval of time, whereas Maxwell saw an essential
advantage in his theory9 precisely from the facpgthat it makes it
unnecessary to consider elementary actions and the field's
origin and only concerns itself with the immediate surroundings of
the point under consideration., We see that these statements are
useless, and that to eliminate the physically impossible solutions,
it only requires adoption a vriori of the formulae for retarded
potentials, which distinguish the elementary actions like the clas-

sical theories did, and to prove thaf they satisfy the equations,

is to sai that they can replace them completely, whereas the inverse

i1s not the case.

339
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In bringing these results closer to the ones in the preceeding

paragraph.?we see that in the last analysis it is the formula of

elementary actions, and not the system of partial differential eqg-

uations, which is the complete and exact expression of Lorentz's

theor;! °
We have to add the hypothesis of absolute coordinates. We have

Just seen that ether, instead of playing an independent role, and
even preponderant, as we should have expected since it is supposed
to be the reservoir of all electromagnetic energy, steals away once
more. Its only role will consist in providing, though contradicting
experience, a system of absolute coordinates.

We will evidently have the same difficulties in passing from

any kind of system of partial differential equations, reversible

at least whereln it concerns pure ether, to irreversible solutions
that the experiment demands. 1In Hertz's theory, even this seems

Impossible. The partial differential equations and the notion of

ether are essentially inappropriate to exbress the comprehensive

laws for the propagation of electrodynamic actions.

§ U4 - Enemcy

Maxwell has shownj in all the particular cases with which
we are acquainted regarding electromagnetic energy, that the energy
can be expressed in the form of an integral extended over all space,
which in Lorentz's hypothesis takes the form

W= [(6 65 6+ B ) I,
Maxwell admits, and this is an important point in his system,
that each element of volume is effectively, and in all cases, the

seat of a quantity of energy equal to

‘ E1+Hl) dr,

339
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the
Poynting has since shown that this results fromhgeneral equations,

that for all closed surfaces ¢ we have
dT +dw :—éth‘n do,
where dT 1s the work of outside forces, and Sn 1s the surface com-

ponent in the direction of the normal external radiant vector

9;(:47;‘(57 Hz *Ez“y), SY ‘-'q—%r‘ (Eiﬂx‘gx Hé), Sz S G :q—%r.( EXH_‘

The theorem states 1tself elegantly in considering the energy as
belng comprised ofxandesfructable fluld which moves parallel to the
radiant vector, an image which presents certaln advantages but lays
itself open to much critlclsm.l Particularly, we can ask ourselves

if the statement "continuous energy in a given volume with such and

such value," has any real sense when we can only deflne differences

of energy.

We will set aside this metaphysical question, to study the inde-

termination that this mode of representation suffers. The electro-

static energy of a system is

We = 4ff26 L o
(8) F = P(Xu Y‘, z‘)-) A = P(){’J Y"’ ZZ)
ruz = ()(rxa )L v (% _,{,)11_ (Zz‘f’y

the two integrations being extended over all space wherever electric

charges are found,

It 18 evident that this expression can be put in the form of an

extended integral throughout all space in an infinite number of ways

and the one Maxwell has chosen is, in the point of view of his system,

340

particularly simple. But we can show others which will have, for example,

]'Scé W. WIEN, Annalen der Physik u. Chemie 2% serie . XLV, 1892,

p 684 +.
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the advantage of drawing closer to the forms used in the theory of
elastic bodies. Lets therefore introduce, instead of the electric

force E in x,y,z which is

Bz [REndn, &=,

9

the vector
~M _
(9) %:FX)JT /i IP(YY)J”Q,C-(“,

for which

ég +§7Z 4‘35
X IZ

98 3¢ _, dh _2& _

Now, 1f§ .TL.Cwere the components of displacement for an elastic

(10)

body, the energy of this latter vector would be, as we know

f{%(ég +’3)Z 341
2

€ MNIC |
(11) -l-//[sx%h:%u_\% %’%%SZ 4(%*%)

—4(§2+‘3§§) ~% 7§+‘)—§>J /T

A and/U being constants of elasticity of the body, or, in adding the ]

zero terms q(ég oVZ) » « « o and transforming i

W= (28 4 S LE) e ,
__/{/f[n(*)g(owy-ét (a.;)lX)‘lL jés\

If the elastic body is inflnitely extended, by virtue of Tormula:;

(9), the surface integral . will vanish, and leave

W= [(38 430 d€Pur - [ ( [24)
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Electricity, supposedly being firmly.  attached to small solid

bodies (ions) ki' we have

( ﬁd’a) (z .pn);z

ra—

I

=5 (JAm) g X [ [P

The first term doesn't depend on the mutual positions of bodles;

1ts integral with regard to x,y,z, extended over all space, will be

a constant. In the double summation, the variables X .zl,zl.xz.xz,z
assume the gamut of relative values for a given combination of differ-
ent lons gm,l_c_n, we therefore never have X1=X5» X3=¥y» Z;=2, Which

allows the transposition of the order of integration and we write

xEZ[/F@ J?Jz; 7_,,7.-

To evaluate the integral taken with respect to x,¥,2 lets intro-

He 342
duce polar coordinates r,?). CP. with J_tﬂl,gl as/\polar origin, the line
joining (_x_l.xl,gl) and (xz.yz.zz) as the polar axis. Let r,, be the
dlstance between these two points; we have to calculate

dr f o T e od
= | J f do | P
[ e p ? 5 B he +re-2rK, S
’”()/ }“ZOQ
—_ R 3 Y‘——IT-L COS% -
qT/,T_ 3“4"‘5.)@29»13 o'
0 ® =
343

The principal values (included between -—’L; and 4%) are sz. for

r=w, agnd 9 —’lf for r = 0; finally we find

/Mrfﬁﬂ:_)
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from which
(11) WI:Z,"S)\/ //J'IDZJZJTL + const,
k. ky, M

We conclude finally, in choosing )\= .7;?:, that with the hypotheses
2

made and with the units introduced, the elastic energy W' will, having

a nearly constant summation, be equal to the electrical energy WE

given by (8), and that we have in particular the formula

(12) Weg = qug f( € + )"Z, -l-_éé_) T

which 1s irreducible to Maxwell's formula, and gives a completely

different distribution for the energy. It would be easy to obtain,
in starting in this manner, a simllar expression for magnetic energy

and, consequently, for currents; and we see that, even in insisting

N
on the simplest of formulase, the localization of energy is still an 3%3

indeterminant problem.

It is the saﬁé for the flux of energy}' Wé can always modify the
motion of the”?kwhg energy in an arbitrary way by adding to Poynting's
vector another vector (u,v u,;v,w) obliged only to satisfy the equation
for 1ncompressible flulds,

%l;:‘};;# f%—%zo V- =0

from which »
fu,,JS =0,

Poynting's theorem, beinga consequence of the general equations,

doesn't add anything to them., The locallizatlion of energy

1See the article of M. Voss in Encyklop. d. math. Wissehschaften,

VO].. IV. Q.I‘t. 1' 1901' po 111 - llu’.
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must therefore be attributed to a number of logically useless (and

maybe harmful at times) conceptions in the theory.

355

But there 1s another aspect for which its important to consider
Poynting's theorem,

The primary source of the conservation of energy theorem has been, .
and will continue to be, the experimental impossibility of perpetual
motion, an impossibility that must exist, whatever our ideas may be
on the portions of energy that the ether is obliged to supply in
the absense of material bodies. The energy theorem, in its classical

form
W = Const.,. _

explained this impossibllity. Poynting's theorem, in demanding only
the possibility of the transformation of an integral of volume

(already partly arbitrary) to an 1nte§ra1 of surface, expresses a \

lot less. PFar from giving an account for this impossibility, it 344

readlly allows the creation of a perpetual motion. This 1is to say

that, as long as we have not introduced the hypothesis of retarded
potentials, a continuous portion of the energy, from converging waves
coming from infinity, remains Just as possible as the lost energy that
Wwe observe in reality. If an engine could perpetually draw energy
from ether solely, independently of the presence of material bodies,

i1t could have perpetual motion. We know therefore, that in adopting
1

the formula for retarded potentials, we must show~ that an accelerated

particle loses energy and undergoes, as a result, a reaction pPropor-
tional to the derivative of the acceleration. We only have to change
the sign of ¢ to pass to the hypothesis of convergent waves. We see

then that the sign of the radiant vector changes also, and

1

LORENTZ, Elektronentheerie, p. 186 - LARMOR, Aether and Matter,

Chap [ XIV.
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the new hypothesis will lead, for example in the case of a vibrating
particle, to a continuous increase in the amplitude with time, and
more generally to an increase of energy in the system,

Poynting's theorem expresses the law of energy only when we re-

place the fields with their representations based on retarded poten-

tials, a restriction which removes a lot of its elegance and scope,
If we begin from a state in which radiation is sensibly nil and

where the energy E1 can be converted into work, and we arrive at an

et r—

analogous state (energy E2), the system supposedly isolated from the 345

action of external bodies, we will have, according to Lorentz's theory,
(which supposes the admissibility of the formula for potentials)

E, 2 E

1= 72

the equality taking place only if radiation was continuously nil, N
345
The impossibility of perpetual motion also produces, in an essentially

irreversible system, only the inequality: the energy can never increase,

There 1is a parallelism.nin this relation, with the law of entropy. In
fact, electromagnetic energy 1s not conserved in general,.: Thisgls”to |
say that W = const. doesn't exist. We save the law of conservation -
of energy by attributing té&gther the lost quantity, and this procedure
has decidedly great advantages, espec;ally when we can completely
recover the energy lost by the system by means of bodies that don't

senslibly exert action on 1f, like the black bodies in Optics., But,

with thils energy not producing, in this hypothetlical setting, any
modifications which would be perceptible to our senses, we can ask
ourselves if, under these conditions, would it not be possible to save
likewlse all other simllar laws, as we have effectively done for

electromagnetié¢: momentum,
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In the most general case of electromagnetic radiation, conser-

vation of energy i1s no longer a law, but a convention. This is a

falrly frequent development in the domain of physical truthsa; as

Poincaré ! stated,
§ 5, = GRAVITATION

If we consider the electromagnetic theories in their present form
as a general basis for the explanation of physical phenomena, a role
that only Mechanics played until now, it will suffice, at first. to
ask ourselves 1f we can place gravitation in this general scheme., Is
the notion of field, with its consequences, capable of being applied?
The response given by Maxwellz 1s negative,

In introducing the force Bx Ry Rz which gravitation exercises at
a point xyz in space on a unit of mass, we can- well, as in elec-

trostatics, determine this force by the system of equations

(f/: density)

>R
il 9k o gy,

_ﬁ&-é&:: éQa QQX‘ AR D@
25T S5 T 70 S =0
and the value of the energy will be

(the unit mass being chosen properly). Since there is attraction,

P =0,

the integral has the sign (-). But, says Maxwell,

, .
1H. POINCARE, Science et Hypothese, Paris, 1901, Says in closing

that the statement "the energy of the whole world conserves itselr™
does not make any sense, save for a space having a positive curvature.

2MAXWELL,—Scient. Papers, volume 1, p. 570,

35

346
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the energy being essentially positive, for E to be positive, it
will be necessary to choose an enormous value for the constant,
. greater than the greatest value that the integral could attain for
all possible positions of the bodies; the intrinsic energy of the
gravitational field 1s constrained to decrease wherever gravity is
sensible. "Since it is 1mpossible for me to understand how a med-
jum could possess such properties, I cannot pursue research, in this
vein, into the cause of gravitation."

We can agaln say that the condition of stabllity of a continuous
medium, elastic or otherwise, is always such that the energy 1is mln-
imum when the deformation 18 zeroi here. it is maximum for B=0; the

gravitational field would be in unstable equilibrium at infinity and

wherever R is8 zero,

The notion of field doesn't seem applicable to gravitation;g it 3046
shouldn't therefore be an issue to consider as a general base for
the explanation of physlical phenomena,

On the contrary, the law of elementary action which results from
Lorentz's theory, if we replace electric charges by masses, can, as 357
in the similar laws of Weber, Gauss, etc., replace the classical law
of gravitation, with.out the new terms and the propagation they intro-

\
duce having an appreciable influence .on astronomié;phenomenal

2

3 these
terms are in fact second qrder andﬁtherefore extremely small., We

know that Laplace had arrlived at the

1 ORENTZ, Zittings verslag, Amsterdam, ~ts VIII, 1900, p. 603 --

WILKENS, Physik. Zeitschr., t. VII, 1906. p. 846. -- UALKEB; Physike.

ZeltShChro. t. VIIp 1906. Poe 300.

2This 18 to say that the factor 1/C = 10-10/3 is8 of the second order
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result that the propagation speed of gravitation isg at least
100,000,000 times greater than that of light; but this iz related to
that which, 1n his manner of conceiving propagation, introduces a |
first order term, and that moreover, this term corresponds to a frict-
ion, which doesn't heappen with Lorentz.

Zollner's explanation adopted by Lorentz is, as we know, that
the attraction of two electric charges of opposite s=ign, is élightly
greater that the repulsion of two charges of like sign and of the
same absolute value. This explanation destroys the unity of the

electric field, and is thus applicable only to elementary actions,.

§ 6. = ACTION AND REACTION
With the ether acting on ions without undergoing action itself,
Newton's brinciple 1s not satisfied by Lorentz's theory, and Poincaré1

347

has shown that we have for the resultant of translation

J .
[, s, [ig
fere) oo

o0

- where the integrals are extended over all space and S is the radiant

vector, Furthermore, an electrified body in uniform motion exerts

on itself, in general, a couple. It is important to consider gsepa-

rately the diverse aspects of the question which this poses: can we,

from the view-point of the facts, draw from this inequality of action

and reaction an objection to Lorentz's theory? The answer is

affirmative, - 355
Lets consider, at first, two electrons with charges e,e', with

coordinates xyz, x'y'z', veloclties v,v' and accelerations

larchives néerl., 2° serte, t. V, 1900, p. 252: Electriclte et

OEtigue, Pe u‘uec
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W,u', placed a great distance apart relative to their dimensions.

Liéhardl and w1echert2 have shown that for the potentials produced

by e' we have

é _ !

— 5 A= €fﬂ]’ , A=,
[r(1-w)] [r(1- %] !

where we have to take the quantities in brackets at a previous

instant t - r/c such that the wave emitted at this instant reaches

(xyz) at t; the vector r is directed from e' towards e, and we have

i the equation

r2 - )jx(%)-—-x'(t-—%}i}z

sy Al v [z —e(e-2)]

It will suffice to consider the particular case where the velo-~-

cities and accelerations are small, so that we can set

x'(¢-£) = x'(®-Ly ({-)+ ~w(e),

A simple calculation, that we will furthermore find in the Second Part

348

e

)
E leads to the development of‘@ and A, from which come‘. for the force

kiF exerted by e' on e, the expression

% /
iA(13) F, = ee [2&&‘_(1 ; L300 %Va 4V 4 VtVQ)

Z2c? c?

! '
+ Y%V ow g u4>as;»{}
2 ) 9
fic ac*p
where all the quantities v',w', v must be taken at

LIENARD, nglairage électrique, t. XvIi, 1898, p. 5, 53, 106,

WIECHERT, Archives neerl., 2° serie, t. V, 1900, p. 549.




RESEARCHES ON GENERAL ELECTRODYNAMICS 183

wheve ,
the instant t and/\p 18 the actual distance between the points e, !,

Thlis expression contalns velocities and accelerations in a non-
symmetrical manner that clearly shows the inequality of action and

reaction, even when the accelerations are supposedly negligible and

there 1s no radiation. In the case of uniform translational motion

349
of the points we have
_!=V', W'=O|

- the term which is multiplied by cos (P-I) 1s directed along the line
of Junction ee' ahd satisfies the principle; the term %é&g%— glves
a force parallel to Vv, applied to ¢, and another one, equal and op-
posite, applied to e'. If the charges e,e' were connected by a rigid
member, these two forces would produce a couple whose axis would be
perpendicular to the velocity v and the Jjunction 1line p. 349
In the Second Part we will see that no experiment requires this dis-
symmetry where the velocities are concerned, end that it is evldqnt
2 priorls .Since no experiment has shown anything but relative moe
tions, expression (13) must be replaceable by another, of the second-
degree, which contalns relative veloclties only. Such an expression,
constrained to be a vector component, wouldn't present such a dis-
symmetry.
On the other hand, one experiment by Trouton and Noblel, which

should have, for the case of a charged condenser, shown evidence of

the couple under question, gave a negative result. In that 1t con-

cerns the terms relative to velocitles, the inequality of action

and reactlion congstitutes therefore a serious objection to Lorentz's

theorx.

We can't say very much, from an experimental point of view

1London Transact., A, t. CCII, 1903, p. 165.




184 W. RITZ

about the non symmetrical terms which are dependent on the accele-
ration w'. They contribute, even at small velocities, and when

certain conditions of symmetry are satisfied, to electromagnetic

rass and more generally to a reaction of inertia. For a uniformly

charged sphere, of radius R, the result of elementary actions
de de”’ ! !
=€ (W, + Wp cospx
gone (wx + wp cmpx)

is

2z
4 e* e’ 4 € w, -
= [ ; g.‘z wy , 5 R 2 5

the quantity %_%? 18 therefore the electromagnetic mass and even

)
in excluding . Kaufmann's experiments nothing permits denying -
the possibllity of such a reaction. On the contrary, it is evident
that there's a considerable advantage, from the point of view of
unifying our concepts, to be able to deduce the reaction of inertia-
and kinetic energy from electromagnetic energy. We will further 350

study the question of the varlablility of mass as a function of vel-
oclty. |

Hértz's theory satisfies the principle in a general manner. For
example,.  Wlth the pressure that light exerts on a body immersed in di-
electric air or ether there corresponds-a reaction of the =ame MAL="

nitude applied to these dlelectrics®, 1in such a way that, in the

first case, the principle is satisfied by considering the [ali] medium
only. But experiment has shown the existence of this pressure, even
in the most perfect vacumn. In this latter case there is no reaction
according to Lorentz, but, according to Hertz, there really is one,
and the ether is set into motion. However, to make thls perceptibdble,

the ether would have to quit

1 7
POINCARE, loc. cit.
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concealing itself in all the experiments, Since it doesn't réspect
this wish, it is difficult to say if, in this case, whether thek
logical advantage is on Lorentz's side, who simply expresses the
ldea of action without reaction, or whether it is on Hertz's side
who saves the principle, but in such a manner that it becomes a
simple agreement.

If we are content with the forces exerted by ions on one another
existing without the intervention of an 1ntermediate; such as ether, then
the finite speed of propagation leads to the lack of simultaniety
and to the inequality of actions of lons on one another when they
are separated (generally at least).

In the classical theories of Optics, for example in Sellmeier
and Helmhoitz's dispersion theory, the action of light on molecules

ié equal to the reaction of the molecules on the ether, the prin- 0
clple was never considered as being applicable solely to the material.35
What we can object to&in'the theory, is that it would be more satis-
factory if the intermediate were devised in such a manner as to
explain the matter of the equality of action and reaction, and I
indicated in the introduction that radiant energy materializing and
projecting at the speed of light constituted such an 1ntermed1ate1.
Cof light] 351
We return therefore’in a new form)to the emission theorxv and to use
Poincaréﬂ; example, the recoil of an artillery pilece and the force
experlenced by a body that transmits a wave of radiant energy in a
certain direction are absolutely analagous, which is not the case when,
instead of using this model, we conslder the energy to be bropagated

(the ether theory).

s
Poincare has shown that the inequality of action and

1It also permits avoiding absolute motion and the other difficulties

(see Introduction and Second Part).,
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reaction doesn't lead to perpetual motion in Lorentz's theory; 4
additionally, under these conditions, we are obliged to admit ‘

the hypothesis of retarded potentials.

§ 7+ —Analogy Between Ether and Elastic Bodies
Maxwell's and Lorentz's equations take, in the case of pure
ether, a form remarkably analogous to the ones fofrgquations of
elasticity, What is the real significance of this'analogy?

The electric vector E is satisfied, in ether, by the equations

é; %Sg? ZX£5( C> éﬁg& Z&é; oj cred

3 g g o,

and likewise for H, This is the immediate consequence  of the

(14)

fundamental equations (I) through (IV).
On the other hand, the components of displacement, €9 ),ng‘)
351

assumed to be small with respect to a point in an elastic body,

A and B being constants, and/u the density; we have

/UX.%—_-A A ¢ E%{D
/Ualn- :A Ah, +8~§Q~9

(15) ot

NEC A AL 4 B3T

at*
where o — é€+bfl+§5
K Iy e 352

Electromagnetic theory shows, as we know, that E is identical
to Fresnel's vector, H to Neuman's vector (parallel to the plane
of polarization). This identity with systems (14) and (15)

leads to an elastic
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theory of light., To do that, we have to admit elther the incom-.
pressibility of ether, that 1s to say the condition
YE ML DE 4
+ -
SX 3y >F
or the condition A + B = 0. . In both cases, the identification is
immediate. These two ways of explaining the non-existence of longi-

tudinal waves have been admitted. In each of these hypotheses we

could again choose between Fresnel's theory which leads to identifying

the speed (%%J% )- é&té>

of ether with E, or Neumann's theory which replaces E with H,

What are the general conditions, necessary and sufficient, such
thgp a physical phenomenon, characterized by a vector, will follow
the laws expressed by (15)? I say that they are the following:

l. The phenomenon 1s reversible,

2. é§572,£: satisfy a system of three partial differential equa-
tions which are of second order at most, and at least are linear to
a first approximation.

3« The medium is isotropic and homogeneous.

Indeed, ~.1ﬂ considering reversibility, the equations don't have
first derivatives with respect to time; we will be able to solve

them by means of their secondiderivatives
2
élé ) \%E—‘)}_' ] é 4:
2
which are vec%gr componentéjsfgonsidering homogeniety, the right
hand terms will have constant coefficients, and considering isotropy

they will be the summations of vector components that were obtained

by differentiation of éf7)1)4§ with respect

352
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to x,¥,2. But Burkhardt has determined all of these vectors. When

353
we admit only the first and second derivatives, only three exist
which are linearly independent, namely
(2 _2¢ 3 Y& o
32 3y P X TIE? 3y Tax
(ag, a7, a7),
(b 3, )o-
X I Sy 3z /°

and we will have, a,b,c belng constants,

7 < a3 -35)

25 - 30‘

TR =355 )+ bat + 20

PR a(2L_2E) 30‘

- K -2, A 4+ ¢

o T AsE-gR) bAn 4 e 5T,

315':-\--0

ot? .
In changing the signs of X,¥+2» and keeping in mind the complete
isotropy, we find 8 = 0. Therefore only system (15) remains, Q. E. D.

353

The conditionl 18 satisfied by all mechanical phenomena (and we
have seen that in reality it shouldn't be satisfied by electromag-
netic equations which correspond to irreversible phenomena); (2)
and (3) are satisfied by the phenomena of diffusion, heat propaga-
tion, and others which certainly don't present any natural connection
between them. We will conclude that the analogy between (14) and (15)
1s a lot less characteristic than we would be inclined to believe
at first. We won't conclude that theres any real physical connection
between the two orders of phenomena unless the analogy carrys over

even beyond this general analytical

lBURKHARDT, Math. Annalen, t. XLIII, 1893, p. 197; Enzyclop.

d. math. Wiss., Bd., IV, Art. 14, 1901, p. 20.
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form. But this is precisely not the case., Indeed, the hypothesis

of the nil speed of propagation for longitudinal waves (A + B = 0)

1s not, as Green and Cauchy have previously said, admis=sible for a
finlte elastic body; such a body would not offer any resistance to
compression, 1its equilibrium would be unstable. It is only recently
that Lord Kelvin's gyrostatic ether has permitted us to devise such
systems. On the other hand, the hypothesis of incompressibility —335—
calls for the introduction to the equations one of Lagrange's fact-
ors, performing the role of pressure; the 1dent1fic§tion i1s no longer
possible in the cases where the pressure is constant. Finally, the
limiting conditions demanded by Optics are not the same as in the
theory of elasticity.

I don't believe therefore that we should consider a prioril these

analoglies as indicative of profound physical agreement between the

354

two domains. If we adopt this conclusion, we won't be overly amazed:
at the difficulties and sﬁrangeness that aeccompany all attempts ma&e
to extend these analogies of pure ether (whére Maxwell's equations
express only the fact of uniform propagation) to reciprocal actlons
of electric charges and the ether, expressed in the genefal equations
(I) thru (VI). For this part of the question, I can do no more than

1

return to the chapter which'Polncare has dedicated in his Lesons™. to

the most,remarkable,n1t,seems, of these attemptss..that of Larmor.

® 8.~ ELECTRODYNAMIC MASS
The remarkable experiments of Kaufmann on the electric and mag-

netic deviability of B rays from radium

'Electricite et Optique, 2° ed., p. 577 and following. - LARMOR,

Aether and Matter, Cambridge, 1900,
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have lead to the belief that the mass of corpuscles or electrons
depends on theilr velocity and is entirely of electromagnetic origin,
The existence of an electric inertial reaction and its variability
with veloclty was anticipated by the theory which at a first glance
seems to have received a remarkable confirmation. However, in view
of the scope of these conclusions, it is advisable to find out if
they are absolutely indispensable.

Lets recall that in these experiments, a beam of B rays 1s simul-
taneously subjlected to the action of an electric field E, producing
a devlation y, and to a magnetic field H parallel to E producing e
deviation z, perpendicular to the first., A photographic plate, per-

pendicular to the non deviated rays, records an impression of the

355

rays, and permits a direct measurement of y and z. With m and ¥ the
mass and velocity of an electron, e 1ts charge, and a and b two con-

stants of the apparatﬁs; we have, according to Lorentz's theory

- - eEa _ e H b
(16) Y ';:;;f Y3 Z = v

Radium, within certain limits, emits rays of all velocities.
These equations, where v plays a parametric role, represent a certéln
parabola if m doesn't depend on v. But, the curve observed by
Kaufmann is different. This -oceurence cells for various explanations.
1° According to Lorentz, the movement of an electrified body

with respect to the ether is equivalent to an electric current whose

field, by an effect analogous to self induction, reacts on the body
and produces a force which, in the most general hypotheses, is a

linear function of the acceleration components, the coefficients (for

transverse and longitudinal mass) being functions determined by abso-
lute velocity v, known, for example, for the sphere 9nd,§111psoid.

In the case of Kaufmann's \
e
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experiments, only the transverse mass‘p(z) comes into play. If

we use the function‘p(!) in (16) instead of m, we very closely
approxlmate the observed curve, whether we consider the electron as
a rigld sphere (Abraham) or whether we only consider its volume to
be constant (Bucherer and Langevin).

To appreciate the value of this interpretation lets recall that
the calculation of electrodynamic mass relies uniquely on the motion
of the electrified body with respect to the ether; the position and
velocity of other bodies being of no consequence, It 1s the body's

absolute velocity which is used in the formula. Under this interpre-

tation, Kaufmann's experiment will be therefore the first to present
evidence of an absolute motion. Now, regarding this delicate ques-

tion, Lorentz's theory, at least in the form as expressed in secte -

lon.1, 1s in disaccord with the experiment, and this disaccord 355
.carries over in particular to the expression of electromagnetic:

7356
momentum G l. from which Abraham has deduced values for longi- 35

tudinal and transverse masses, Indeed, from the calculation of G
we deducez, for the case of a charged condenser carried along by

the earth's translational motion, the existence of a second order
couple impressed on the condenser. But, Trouton and Noble, who did
this experimentB, didn't observe the couple. Therefore the quantity
G doesn't depend on the absolute velocity or, at least not in the

same manner as8 in Lorentz's theory. We have to conclude that, even

if the agreement between Abraham's theory and Kaufmann's experiments

were perfect,this theory should none-the-less be considered as doubtful,

1The vector 1s, as we know, the integral of the radiant vector

extended over all space, multiplied by 1 / Cz.

2H.A. LORENTZ, Elecktronetheorie, p. 257.

3London Trans.. A. t. CCII. 1903. bp. 165.
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2° 1In striving to eliminate the influence of absolute motion in
his equations, Lorentz was led to certain new hypotheses, to which

I will return in the next .paragraph. The dimensions of

electrons, in particular, would be reduced to (1 - gg)-% of their
value when animated by the absolute velocity p. This hypothesis
leads to new formulae for mass, that Kaufmann consl@gred as irrecon-
cilable with his last experlments.l But thls conclusion seems doubt -
ful to mes Indeed, lets take for H, E, a, b the directly observed

values: where instead of the

€ - 1.880 x 10’

value which corresponds-to cathode rays, lets take, in the formula

of Langevin and Bucherer

C 7
o 1.955 X 107, 356

in that of Abraham

= 2,010 X 107,

Hl®

(o] ——

and finally in that of Lorentz

= 2,125 X 107,

Hle

(o)
This means to multiply 1in the ratios of 1 to 1.040, 1.070, and

l.le,the absclssae and the ordinates calculated by Kaufmann for

_ +thus
= 1,880 X 107 (loc. cit., p. 534), WﬁAfind three curves for which
o

8lo

the errors are on the order of the experimental errors, as we veri-

fied in displaying

lAnnalen der Phys=ik, t.XIX, 1906, p. 487; mee also M. PLANCK,

Physik. Zeltschr., t. VII, 1906, p. 754.
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these values on the curve, fig. 11, of Kaufmann. That savant hsas
done direct observations and then, using the method of least squares,

deduced from the various proposed formulae, a certain constant E/Mc;

independent of the hypotheses developed on i t Lorentz's formula
o

giving an inadmissable value. Our calculatlon shows that the value
of E/Mc. determined in this manner, involves a considerable uncer-
tanty, for we took the directly observed value, and the errors that
result don't exceed the admissible magnitude. As to the value

e/m_ = 1,880 X 107, 1ts application to B rays of radium can't be
permitted, since 1t i1s not, in general, applicable. for the Zeeman
effect,

In short, these observations don't therefore permit the prefer-

ence of any one of these formulae over another, and it would be

easy to expand on this more- so. 357
But is is important to observe that'Lorentz'S'new hypotheses
involve a modification in the expression for the force that two
moving electrified bodlies exert on one another, a modification
“which, as shown in a simple argument, 1s only apprecliable for velocl-
tlésncomparéblefto that of 1light, That 18 to say, for Kaufmann's
experiment only.
3° This leads to a general remark. It is easy to introduce
the terms presenting this peculiarity into the equations of Electro-
dynamics. Since the system of equations (I) to (IV) can be replaced
by elementary actions, it suffices to consider thegﬁssNow the force
exerted by the particle e!, h&M@ velocity v', on the particle g.ggvm;_jgg—
velocity v, 1= expreSsed in this latter approach in a linear form

with the factor 1/02; 1t is expressed in the former for - the case

of uniform motion, in a very complicated form
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(given by Schwarzschild); we have seen, in section 6, the first
terms of the expansion for when v'/c lé small., The dissymmetry
established thusly between v and v' 1s not confirmed by experiment,
and there are, as we wlll see in the Second Part, an infinity of
formulae, containing only relative veloclties and consequently
differing from that of Lorentz by the terms in 1/¢*. Por a better
reason, we can add the terms containing I/E' of the third and ‘
fourth orders, without which the formulae fall to be in accord

with all the experiments when ¥/c is small. Lorentz's elementary

actions formula can - be only the beginning of a serial development,

We will be able to dispose of the arbitrary functionsof v thus intro-

duced in (16) in order to produce agreement with Kaufmann's experi-

ments by the hypothesis of constant mass, and in a manner so as to 358
completely safeguard the relativity of motion. This is what will
be shown in greater detall in the Second Part of this work.
In summary, instead of a mass becoming infinite when we approach
the speed of 1light, we would have forces that are énnulled because
they propagate'preclsely with the veloclty of the mobile electron.
But there 1s more. The very form of the curve, and the existence

of a point, where the deviations y. and z are null, and the veloclity

equal to ¢ remain doubtful. Indeed, lets suppose

Ea A
(17) .\[:—e,;‘T{—, Z = -&E\_’EJ,—({%)I) M:ConS't’

from whence the parabola

v _ e _ e?

TR Eanay Gcrmr?

whereas, according to Lorentz, for m = const. we have the
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comparable parabola 2
z -
= '—y.
szz Eam

The values of E, H, a, b being those given by Kaufmann, and
e/m = 1.830 X 107, and for the refined values of y', z', Kaufmann
(loc. cit., p. 529), the parabola becomes

y' = 0.0160 + 0.556z'2,

y' calc. - y' obs.
L

o N
-z y' obs. I. II.

0.1350 0.0246 +0.0015 +0.0014
0.1919 0.0376 - 11 - 9
0.2400 0.0502 - 22 - 18
0.2890 - 0.0645 - 20 - 11
0.3359 ' 0.0811 - 20 - i
0.3832 0.1001 - 25 - 8
0.4305 0.,1205 - 15 + 10
0.4735 0.1405 + 2 + 30
0.5252 0.1667 + 25 + 63

The difference between the various-individual values of y'
observed by Kaufmann and the curve which represents the average
for his experiments 1s often greater than 0,0030. The third column
errors, although systematic, must therefore be considered as admisg-

sible. Those in the fourth column, which correspond to the hypothesis
£ - 1.780 x 107

are éompletely explainable as experimental errors, except for the
last two. But we must note that a one percent error in the absolute
measurement of the magnetic field, which can very well result from

an accumulation of errors that accompany the various observations
necessary for this measurement, would be especially senslble in these

two instances, snd change their Y' by two percent, that is

359
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to say, by 0.0034. Thege last points have been observed only two
tlmes and Kaufmann observes that we are inclined, at the“extremitigs
of - the curve:where the intensity 1s weak, to scrutinlze the extensipn.
that 1s tousayﬂ§he;£angent, where there results a value too weak

for y', These two considerations would be sufficient to explain the
errors in the fourth column. But, in this curve for (17), the cri-

tical aspect 1s not the velocity of light c, but the maximum relative

velocity 2¢ of two light rays within the same fixed system, for which 300
there 1s nothing surprising in a theory which considers only relative
velocities,

The magnetic deviation z' is nil at this point, but not the elec-
tric deviation, wﬁich is almost equal to half the width (0.03) of the
curve,

We see how expansive the field is which remains for 360
hypotheses,

In closing, lets note that the velocity Vv simply performs a para-
metric role, and is determined for each point on the curve by means
of observed values of y and Z. The result differs according to the
theory used, and we can represent a curve in an infinite number of
ways for a given parameter. It would be otherwise if direct and pre-
cise experiments, such as the ones executed by Des Coudres and Wie-
chert through the means of Hertzian oscillations on' cathode rays,
could give a direct determination of v, but such experiments don't
seem reallzable, !

A bee In
Kaufmann's experiments can,equally be interpreted by modifying

/

the existing laws of Electrodynamics in a manner that elimlnates

absolute motion and by making the electrodynamic mass constant. We

can no longer conclude from these experiments that the mass of elec-
trons 18 of electromagnetic origin; but it remalns possible and the

unity of



i

\
\

\;

RESEARCHES ON GENERAL ELECTRODYNAMICS 197

physical forces gains by this hypothesis. No matter which theoryhls |

used, these experiments will play a very important role.

1
a3 ®

3y § 9. -- Absolute Motion

In placing the hypothesis of ether at the base of Electrodynamics
and Optics, we of necessity introduce, at least for the propagation of
light and electric actions, a system of coordinates, independent of
ordinary matter:. We should therefore expect, and "we have, 1indeed,
iohgf,expected~;'.. 9o an influence of absolute motion or motion
with respect to : the assumed ether. We know that the experiments
have always been negative. Lorentz's theory gives this result when we
conslder (only) first order terms; but the experiments of Michelson 381
and Morley, Trouton and Noble, and Lord Rayleigh, which should have
shown second order effects, have, contrary to the theory, also given 361
negative results, Lorentz and FitzGerald have therefore assumed that
all bodies experience a contraction, of the relsation (1‘:'v2/c2)-§'
in the direction of their velocity Vi we thus account for the obseéved
negative effects.1 To explain this contraction, Lorentz calls to mind

that, according to his theory, for a system of electric charges S, at

rest, in equilibrium, this same system, when -

1H. Planck has shown that 1f we assume that the density of the ether

at the earth's surface is less than 50,000 times greater than that in ’
the interplanetary medium, without any appreciable change in its pro-
perties resulting, we may possiblL reconcile the aberration theory

with the hypothesis that the ether is entrained in the earth's motion

(see LORENTZ, Enzyklop. mathe Wiss., t. V,

art. 133, pe. 10&). This would be a very strange property of the ether.
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assumed to be antimated gy a uniform translational motion v, will !
8till be in equilibrium if we modify its dimensions by the indicated
ratio. Therefore, if the molecular actions obey the law of electro-
static actlons, and if we can exclude the molecular metiQh,

the molecules of a solid body should of necesslity take the position of
equilibrium, the acceﬁted contraction will take place,

It is evident that this hypothesis confuses our notions of solids.

The invariability of certain bodies, when we transfer them from one

pPlace to another, when we change their direction or their speed, glves

us the experimental definition of distance and of other geometrlic magni- |
tudes. The bodies that we use, necessarily participating in the motzgn
of the earth, will always have an infinity of movements and rotations,
which change their dimensions; and since we don't have any way to pre- 361
cilsely determine the absolute motion which comes into pPlay here, these
deformations remain absolutely unknown. How do you physically define

‘the true length of a body? Does the assertion of the reality of this
contraction have any sense? It results, from the researches of Einstein,

to which we return later on, that the answer is negative.

The question of stability brings forth a second objection., A system T
of electric sharges, sublect only to electrostatic forces, is never in
stable equllidbrium. This is evident when the sole restriction imposed
is the conéervation of electricity: in changing all the dimensions of
the system by the ratio of 1 to 1 + &, the charges of elements of cor-

responding volume being equal, we will have performed a deformation

compatible with the conditions of the system; the energy will fall to

\ th ‘
(—r::Ef) - of its original value: the equilibrium, therefore,is not

stable., The sphere, for example, is, for a



RESEARCHES ON GENERAL ELECTRODYNAMICS 199

deformable electron, a shape of unstable equilibrium, and its the same

1f we suppose, with Bucherer and Langevin, that its volume 1s invari-

1l

able 1 a fortiorl, whereas in Lorentz's hypothesis this restriction \

doesn't exist. To obtain a solid body, we therefore need to add forces

of a very different character from those of electrostatic forces, or

of lialsons other than incompressibility, or finally of whirling motions

glving a dynamic equilibrium. But in all of these cases, Lorentz's

explanatioh no longer applies so this explanation doesn't seem acceptable,
Poincaré has finally objected to the hypothesis as being incomplete,

New experiments could bring new terms into evidence and we would require

new hypotheses if, as expected, results are negative., The question of

the complete elimination of absolute motion was therefore rosed and was

2 ’ Poincaré 3 » and Einstein b .

addressed by Lorentz
362

It is no longer permissible to overlook the difference between "local

time" and "true time", which was an essential point when we were content

to explain the negative results observed up until now and a few others

analogous. For us to render a full account, lets consider two points
A, B which move with a constant absolute veloéity ¥ in.the direction AB.
A luminous wave, starting from A, at instant £, will arrive at B at 565

instant t'. It will have to travel

lThis 1s what Ehrenfest pointed out (Physikalische Zeltschriften,

t. VII, 1906, p. 302): for gravitation the equilibrium would be stable;
but in changing the attractions into repulsions, the energy changes
sign and the equilibrium becomes unstable.

?pmsterdam Proceedings, 1903-190%, p. 809

3Comptes rendus, t. CXL, 1905, p. 1504,

uAnn. der Physik., t. XVII, 1905, p. 891.




200 W. RITZ

the distance AB + (t - t')y with the speed ¢; we have then

AB + (t' - t)v AB
t' -t = or t' -t =
c

e -

The duration of transmission will depend on v, and its changes include
v
a first order term -~ AB’—E— » the correction (including higher order

terms) being precisely the one we have to apply to the rve time to

get the local timé. Lorentzl showed that for terrestrial phenomena,

this correction is without influence. In particular, to determine the
speed of light directly, we are obliged to make it cover a closed path
which brings 1t back to its starting point; thus eliminating the first
order terms. So, in the example considered, if the wave emitted at A is

reflected at B, it will arrive at A after a time

2
p_'-§_=AB‘(§1‘—!-+§%_—i)=%(l+%—+...). 363

But it will be otherwise for astronomical phenomena. In the deter-

mination of the speed of light by the occultations of satellites, we

don't use a closed path, thus, the perturbation,that the hypothesis of

a translatlon of the solar system with respect to the ether would , \

cause' in the observed retardation. would be of a first order and of

observable magnitude,

Indeed, the delay of an occultation can reach % (where 4 1s the
diameter of the terrestrial orbit), or about 1000 seconds. An absolute
speed of the solar system (having no connection with the system's

motion with respect to the closer fixed stars)

1Versuche einer Theorie, etc., p. 82 and following.
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equal to 30 km per second in the plane of the ecliptic would bring
about a correction of 1000——29—3— = 0.1 second for the maximum observed
delay, a correction which wgs%g change sign according to the relative
position of the Earth and the satellite in relation to the direction
of translation, The systematic differences for a long system of obser-—SEE-
vations can then reach 0.2 second, a quantity which is on the order of
those which we observe in Astronomyl.

If, therefore, we do not wish to admit that the speed of light
depends on that of the bodies emitting it and is purely relative, like
all speeds (and the ether concept, alone, prevents drawing out of the

relativity principle this so natural consequence), we will have to

modify the definition of tinme.

Lorentz has enunciated the hypotheses which would allow glving to 364

the equations for an entrained system, as well as for the axes of
coordinates, in a uniform motion of translation ¥ parallel to the x
axis, the same fdrm a8 for the case of rest. 'He Qdmits that all the
masses are functioh of velocity, thus abandoning the principle of the
conservation of massz. We must also, as we formerly revealed, suppress

the notion of s0lid bodies and

1Supposlng that the laws of gravitation are modified by motion as the
laws of Electrodynamics are, the corrections would be only of the
second order and could not cancel the first order term,

2The word mass, in the theories of Lorentz, Poincare and Einstein,
has no precise meaning anymore: the number representing it depends on
the motion of the system of coordlnates, the motion being absoutely
arbitrary. But the force depends also on this motion and it is not
the two member of the equation
2
mg—g- = Xy s o »

at-

but their relation that alone remains invariable when we change

this motion.
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introduce a new definition of time; it will be the variable

__vx_*d T
v* N VX Y S —
=UWi-a& - amm [tepfE v By \

which will play the role of time in the equations,

Time, thus defined doesn't satisfy almost any of the axioms assigned
to the notion of time in the ordinary sense. Two events, simultaneous
for an observer A, but taking place at different points, are not sim-
ultaneous anymore for a second observer B [who 1s] in motion with

respect to the first., Simultaniety becomes 2 relative notion.

Two equal times for observer A will not be so for B.

The parallelogram rule for velocities is only approximated: thus 75—
Cfozj v and v' being the speeds of two bodies which are moving in
opposite directions, in relation to a primary system of coordinates,
the relative speed of the first [body] with respect to the second,
i.e.,, the velocity that an observer traveling along with the second 365
[bodyj would observe, is not v - ¥', but
v-v!
I+ v

and it will remain steadfastly inferior to the speed of light. For

twoB rays emitted in opposite directions by a grain of radium, each
with a speed of 250,000 km per second, the relative speed will not be
500,000 km per second, but 294,000 km per second.

The words "speed", "time", etc., have therefore acquired a signifi-

cance very different from that which they normally have, and now have

only a relative sense.

{ ALY ,. _ ¢ ~
[‘L] the +€rm X ts USed 'ﬂeﬂ:, lh$+€;d of ~“the conventiona | ! X-V‘é \.
This may be 3 Simple  orersight; |



RESEARCHES ON GENERAL ELECTRODYNAMICS 203

The ether, in this new Klnematics. will not play any role because
it no longer furnishes a system of absolute coordinates. But this
concept will oblige us to replace the simple axioms of the conservation
of mass, the invariability of solids, the parallelogram of velocities,
etc., axioms which we should abandon only as a last resort, with con-
Plicated relationships presenting considerable difficulties to the
imagination (similar to those of curved space in three dimensions),

and which we generally can't treat rigorously, except by analytical

considerations. We must add that this theory was presented by Lorentz
with all reservations.

Einstein (loc. cit.) has presented the same results in a different
form. He admits’a priori, for the speed of light, a2 law which by its

nature involves a large amount of arbltrarinessy the comparison with

-

théifﬁhich we will adopt in the Second Part of this Work will demon- 365.
strate this sufficiently. It leads, with the principle of relativity,

to a definition of the simultaniety of two events at two different

points, of which he makes a felative notion, and more generally [}eadi}
to the new Kinematics which has Just been discussed. The slmuitaniety _
included in the definition of the length of a body in motion in relatlonszzr
to the fixed marks of a standard measure (since it will be a matter of

pointing simultaneously to the two extremities of the body, otherwise

the body would move during the interval) this body wlll appear to be of

a different length to an observer at rest, according to its more or
less -large speed ' (although its true length remains invariable),

We therefore avoid the contractions admitted by Lorentz, or rather, we
see that their reality is only a question of definition.

Einstein verifies that Lorentz's equations are
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thus made independent of absolute motion, and that the law admitted

by him for the propagation of light is in accordance with the equations.
These then, in the measure that they express this law of propagation,
become superfluous; moreover, the reasoning does not-demonstrate at all,
as some authors have beleived, that these transformations are the only
group which leaves Lorentz's equatlions invariable. Thils problem has
rather to do with Poincare's methods (loc. cit.)..

1 was led, by considerations on the relativity of motions, to

Bucherer
abandon the nbtion of ether. Lorentz's egquations should always be
applied by assuming that the system of coordinates is at rest with
respect to‘the point P whose motion we study. Bucherer only considers
the case of uniform motions; the action on an electron propglled with

a relative velocity u = v' - v in relation to P, according to formula

(13) (where we set v' =u, v = 0), will be given by the formula

ee’Cos PX n? 3 2
= - u/‘ =
FX pa (1 + 2C2 ), F-y o 0 0_0

For two closed currents, we verify easisly (see Second Part)that only

the terms proportional to vv' play a role,with the accelerations ex-

2 502,

cluded, which we haven't taken into consideration, and terms in v
it 1s moreover what should happen if the intensity of the force 1s pro-
portional to the product of the intensitles of the currents. The action
of two elements of current on each other will be from then on

ii'iiJs’ cos(px)[_ms(dsés’) + 3 cos(pds)cos (pds)]

The hypotheses of Ampere are verified: the action is

lbhysik. Zeitschr., t. VII, 1906, pe 553.

366
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Parallel to the line of Junction.P of the elements; but the par-
enthesls should be
~2cos(dsds') + 3cos(pds)cos(pds').

Bucherer's hypothesis is therefore irreconcilable with the laws of

closed currents,

This 1s because the notion of field ceases to be applicable there.

We are therefore brought back to the complicated hypotheses which
were set forth. We must say, in closing, that these complications
occur not only at great speeds, but also in Fizeau's experiment on the
entrainment of waves, for example. 1In effect, according to the princi-
pPle of relativity, an observer carried along in the translational move-
ment of a transparent body will find, for the speed'of propagation of
waves in this environment, the same value as if he were at rest (sup-
posing the period to be the same, or the dispersion negligibvle)., We 367
would conclude that, in ordinary.Kinematics. the waves are totally
carried along by the.substance. There is nothing to it: thelterm speed

has a new meaning, and in reality, Lorentz's proof continues to be

applicable; we come back to Fresnel's coefficient.

8 10 - Summary and Conclusions
We know that ether was, at first, only one of the numerous fluids
of physics, but with the new experiments having proved to Fresnel that
light waves are transversal, we had to create a body analogous to
elastic solids. But then, how can the other bodies move through it
without experiencing any appreciable resistance? The question was all

the more difficult with the problem of aberration obliging us to
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admit that the ether does not participate in the earth's translational
motion, so that all bodies are constantly traversed by a current of
ether of 30 km per second, with zero effects, despite the rigidity of
ether. We must add that the elasticity of this body is quite singular,
seeing that 1its resistance to compression would be zero, which wouldn't

happen for a finite solid. We can, it 1is true, appeal to Lord Kelvin's

rotational elasticity, by being careful not to take into account the /;333_

perturbation that would be brought to this ingenious mechanism by the

brutal passage of an animated body with a speed of 30 km per second.
The difficulties increased when, the identity of light and electrical

oscillations having been shown, we had to extend thils system of explang=-

tions to electromagnetism as a wholes Poincarél

has exposed some of
the strangeness to which we are led. Besides, experiments have refused
to accord to ether that primordial property of bodles: movement.
Fizeau's experiments (interpreted by Lorentz), and those of Lodge, and

have
others,Aconcurred in theilr negative results: ether is not entrained by

368

the movement of matter, norby that of charged or magnetized bodies, nor

by currents, etce. The hypothesis  itself, of such motions, does not
permit obtaining a mechanical explanation of Electrodynamics. We re-
signed ourselves to accept the absolute rest of ether; the hypothesis
of a complete compenetration permitted the avoidance of the difficulty
relative to the movement of bodies through ether. This latter has
become what Drude calls a "Physical Space”™, the seat of electric and
magnetic energy, and polarizations., It furnishes a system of coordin-

ates independent of all

1Electricite et Optique, 2® ed.; A propos de la theorie de Larmor,

P. 577 et suiv.
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matter, and to which Maxwell's and Lorentz's equations must be
referred.

This is already too much abstraction. That still is not enough, |
Indeed, according to these views, ether could also be the seat of
phenomena independent of matter, and thus manifest its existence,

Nothing of the kind; and, in order to explain it, we needed a new
hypothesis, discarding all waves that don't diverge from a material

element of volume. The role of ether'ls'agaln reduced. We have seen

that, from now on, we can completely set aside the notion of field and

the consideration of what is rassing in the ether, and to beicontent

with elementary actions of charges on each other (exactly as in the

older theories of Gauss; Weber, Riemann and Clausius, but with a

finite time of transmission). We thus express the same facts, but 368
by including the hypothesis on the divergence of waves and the conse-
quential ireversibility, and which the equations of paftial derivatlves_§§§-
are powerless to express. The'ether has become a system of absolute
coordinates, a mathematical abstraction; the equations of partial I
derivatives, an 1ntérmed1ate mental construct which, however, isn't {
sufficient in itself.

Finally, this phantom of ether itself did not stand up under the
scrutiny of experiment., It seems well accepted that absolute motion
cannot be put into evidence. We have seen to which hypotheses, dis-
rupting all the principles of physlcs, we must have recourse to, to

.be aware of this result. The only conclusion which, from then on,

Seems possible to me, is that ether doesn't exlst, or more exactly,

that we should renounce use of this representation; that the motion

of 1ight 1s a relative motion 1like all the others, that only relative

speeds play a role in the laws of nature; and finally that we should

renounce use of the equations of partial derivatives
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and the notion of field, in the measure that this notion introduces
absolute motion.

As I already stated in the Introduction, this overly negative con-
clusion needs two complimentary remarks; a simple representation for
the new mode of light motion; and the demonstration that a theory
satisfylng these principles is possible,

The hablit that we have to "substantiate", if I dare to express
myself so, a habit to which we owe the o0ld caloric, magnetic, etc.,
flulds and the new energy fluid,'makes, indeed, indispensable the
introduction of a representation which makes us realize what happens
to light .and electrical forces when, having left a body, they don't
act on still another., A& theory which wouldn't admit such a represen-
tation would be considered by many as introducling actions at a distance

369

simply retarded. Moreover, as Poincaré noted (Science et Hypothese,

P. 199)1 and this is one of the reasons that we can judge in favor ]
about the existence of ether. Mechanics would have it that the state of

a system depends only on the immediately preceeding states; 1t'wou1dn‘t

be so anymore if we cancelled all intermediates, Actually, we thus

save only a convention, which perhaps doesn't have any éxtreme usefui-
ness. We have seen that we can't arbitrarily give the initial state

slle'f —rnr ” il K
of ether, which must satisfy the formulae of retarded potentials, it

0
1s to say that the consideration of the system during a finite perlod g
1s not avoided effectively. On the other hand, the pressure exerted by
light on a mirror, even in a vacuum, for example, 1s contrary to the
equallty of action and reaction when applied to the material alone.

We will therefore have to "substantialize" the radiant energy to save

ever
the principle and that of conservation of energy whenAthere 1s a body

in which the radiation doesn't meet any material obstacle in certain

(K}
This 1s probably page 119.
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directions, and for which the energy cannot, consequently, ever be
fully recovered. These principles will then become conventions, in

part at least, but for a greater advantage to the economy of our

thought.

SECOND PART

pages
209 - 275

(in translation) 370
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